We give a criterion for group elements to have fixed points with respect to a semi-simple action on a complete CAT(0) space of finite topological dimension. As an application, we show that Thompson's group T and various generalizations of Thompson's group V have global fixed points when they act semi-simply on finite-dimensional complete CAT(0) spaces, while it is known that T and V act properly on infinite-dimensional CAT(0) cube complexes.
Introduction
A CAT(0) space is a geodesic metric space whose geodesic triangles are no fatter than triangles in the Euclidean plane with the same edge lengths. The existence of reasonable actions on CAT(0) spaces is important information for a group, related to various properties of groups.
A group G is said to have Serre's property FA if every action of G on a simplicial tree, which is a 1-dimensional CAT(0) cube complex, has a global fixed point. If G has Serre's property FA, then G does not split as an amalgamated product or an HNN extension.
For every k 2 N, a group G is said to have property FA k if every isometric action of G on a complete CAT(0) space of topological dimension k has a global fixed point [6, 17] . We say that G has property FA k for semi-simple actions if every semi-simple action of G on a complete CAT(0) space of topological dimension k has a global fixed point. Property FA k is related to representations of groups. For example, if a group G has FA k 1 , then G is of integral k-representation type [6] .
In this article, we give a criterion for group elements to have fixed points with respect to a semi-simple action on a complete CAT(0) space of finite topological dimension. In the following, for a group G acting on a set A, the support of an 1090 M. Kato element g 2 G is supp.g/ D ¹a 2 A j ga ¤ aº A. The support of a subset L is supp.L/ D S l2L supp.l/ A. For a topological space X, dim.X / denotes the topological dimension of X. We say that X is k-dimensional if dim.X / D k. Theorem 1.1. Let G be a group acting faithfully on a set A. Let s 2 G be an element satisfying the following conditions: there is a sequence of subgroups
Then, for every complete CAT(0) space X of dimension less than or equal to k, for every semi-simple action of G on X, s has a fixed point.
As an application, we show property FA k for semi-simple actions for Thompson's groups T , V and their generalizations.
Thompson's group T , Thompson's group V and the Brin-Higman-Thompson groups nV q have property FA k for semi-simple actions for every k 2 N. The Nekrashevych-Röver group V q .G/ has property FA k for semi-simple actions for every k 2 N when it is virtually simple and finitely generated.
Thompson's groups T , V and some of their generalizations are known to have property FA (see [7] for T and V , [13] for nV 2 ). Corollary 1.2 is a generalization of these results.
We say that a group G has property FW if every cellular action of G on a CAT(0) cube complex has a global fixed point. Similarly, for every k 2 N, we say that a group G has property FW k if every cellular action of G on a k-dimensional CAT(0) cube complex has a global fixed point. It is known that T , V and some V q .G/ have proper isometric actions on CAT(0) cube complexes (see [8] for T and V , [12] for V q .G/). It follows that these groups do not have property FW. Genevois showed that V has property FW k for every k 2 N, giving the first example of groups which have property FW k for every k 2 N but not property FW (see [10] ). Corollary 1.2 gives an independent proof for this result in [10] and enriches examples of groups that satisfy property FW k for every k 2 N but not property FW. In fact, since every cellular isometry on every finite-dimensional CAT(0) cube complex is semi-simple [2, Exercise II-6.6], property FA k for semisimple actions implies property FW k . Therefore, T , V , nV q and some V q .G/ have property FW k for every k 2 N, according to Corollary 1.2.
Actions on finite-dimensional CAT(0) spaces with global fixed points 1091 2 Isometries of CAT(0) spaces and a fixed point criterion
In this section, we compile some basic facts on isometries of complete CAT(0) spaces, mainly from [2, Part II], and then proceed to prove Theorem 1.1.
Let .X; d / be a metric space, and let be an isometry of X. The translation length of is the number j j D inf¹d.x; .x// j x 2 Xº. We write Min. / D ¹x 2 X j d.x; .x// D j jº:
. Let X be a CAT(0) space and an isometry of X. Min. / is a closed convex subset of X .
An isometry is called semi-simple if Min. / is non-empty. A semi-simple isometry is called hyperbolic if j j > 0, and called elliptic if j j D 0, i.e., has a fixed point. We say that an isometric action of a group G on a metric space is semi-simple if every g 2 G is either elliptic or hyperbolic.
The following lemma describes the structure of Min. / for hyperbolic isometries.
Lemma 2.2. Let X be a CAT(0) space and a hyperbolic isometry of X.
(2) Every isometry˛that commutes with leaves Min. / D Y R invariant, and its restriction to Y R is of the form .˛1;˛2/, where˛1 is an isometry of Y and˛2 is a translation on R.
Proof.
(1) The proof of the existence of the product decomposition is in [2, Theorems 2.14 and 6.8]. We observe that Y has smaller dimension than X. By a general fact on topological dimension [14] ,
Lemma 2.3 ([2, Propositions 6.2 and 6.9]). Let X be a CAT(0) space and a hyperbolic isometry of X.
(1) If C X is non-empty, complete, convex and -invariant, then is semisimple if and only if j C is semi-simple.
(2) If X splits as a product X 0 X 00 , for every isometry D . 0 ; 00 / preserving the decomposition, is semi-simple if and only if 0 and 00 are semi-simple.
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Proof of Theorem 1.1. The proof proceeds by induction on k. When k D 0, the theorem is trivial. We assume that the theorem holds for all l < k.
We fix a complete CAT(0) space X of dim.X / Ä k and a semi-simple action of G on X. Assume to the contrary that s is not elliptic. By the semi-simplicity of the action, s is a hyperbolic element.
By the assumption, there are H k < G and g k 2 G such that g k .supp.H k // and supp.H k / are disjoint. Let
and H k commute in G. By Lemma 2.2, H g k k preserves Min.s/ D Y R, and the action of H g k k on Min.s/ splits into two actions: an isometric action on Y and an action on R by translations.
We first observe the action of H g k k on R by translations. Since every homomorphism of H k on R is trivial, H g k k fixes every point in R. We next observe the action of H g k k on Y . By Lemma 2.3, the action is semisimple. Since Y ¹0º is a closed convex subspace of X , Y is a complete CAT(0) space. By Lemma 2.2 (1), the topological dimension of Y is less than k. By the inductive assumption on the action of H g k k on Y , s g k fixes a point in Y . It follows that s g k fixes a point in X, which is a contradiction.
In the next section, we use Theorem 1.1 and the following theorem by Bridson to prove property FA k for semi-simple actions for Thompson-type groups.
Theorem 2.4 ([1, Proposition 3.4]). Let k 1 ; : : : ; k r be positive integers and X a complete CAT(0) space of dim.X / < k 1 C C k r . Let S 1 ; : : : ; S r Isom.X/ be subsets with OEs i ; s j D 1 for all s i 2 S i and s j 2 S j (i ¤ j ). If each k i -element subset of S i has a fixed point in X for i D 1; : : : ; r, then, for some i , every finite subset of S i has a fixed point.
3 Applications for Thompson-type groups 3.1 Thompson's groups F , T and V Classically, there are three types of Thompson groups: F , T and V . We give definitions of these groups, based on [5] . A standard dyadic interval is an interval of the form OEa=2 b ; .a C 1/=2 b in the unit interval OE0; 1, where a 2 Z and b 2 N. A dyadic rational is a rational number of the form a=2 b in OE0; 1.
Thompson's group F is a group of piecewise linear homeomorphisms of OE0; 1, differentiable with derivatives of powers of 2 on finitely many standard dyadic intervals. Thompson's group T is a group of piecewise linear homeomorphisms of S 1 , differentiable with derivatives of powers of 2 on finitely many standard dyadic intervals. We regard S 1 as the unit interval with identified endpoints.
Thompson's group V is a group of piecewise linear right-continuous bijections from OE0; 1/ to itself, differentiable with derivatives of powers of 2 on finitely many standard dyadic intervals.
We identify divisions of OE0; 1 into finitely many standard dyadic intervals with finite rooted binary trees, and we represent elements of Thompson's groups under this identification by a pair of finite rooted binary trees with the same number of leaves. Figure 1 shows generators of Thompson's groups, represented as tree pairs. F is generated by A and B of Figure 1 .
T is generated by A, B and C .
V is generated by A, B, C and 0 . Remark 3.1 (cf. [5] ). The commutator subgroup OEF; F of F is simple and is equal to the subgroup consisting of elements which restrict to the identity on some neighborhoods of 0 and 1.
Let G be F , T or V . For every standard dyadic interval I properly contained in OE0; 1, let H I D ¹g 2 G j supp.g/ I º < G. When G is F or T , we may observe that every H I is isomorphic to F , by considering the canonical identification of I with OE0; 1. We may further observe that the commutator subgroup OEH I ; H I of H I coincides with the subgroup consisting of elements which restrict to the identity on some neighborhoods of two boundary points of I . Similarly, when G D V , we may observe that H I is isomorphic to V , which is simple. (1) Let G be either T or V . Let x be a dyadic rational in S 1 D OE0; 1=¹0 D 1º.
For every non-empty open subset U 1 of S 1 and every compact subset U 2 of S 1 ¹xº, there is some g 2 G such that g.U 2 / is contained in U 1 .
(2) Let G be either F , T or V . Let I be a standard dyadic interval in OE0; 1. For every non-empty open subset U 1 of I and every compact subset U 2 in the interior of I , there is some g in the commutator subgroup of
(1) Since V contains T as its subset, it is enough to show (1) for G D T . A compact subset U 2 of OE0; 1 is included in the union of finitely many standard dyadic intervals. It is immediate from the definitions that there is some g 2 T which maps these standard dyadic intervals into a standard dyadic interval included in U 1 .
(2) There is a closed interval J in the interior of I , containing U 2 . It is immediate from the definitions that there is some g 2 H J D ¹h 2 G j supp.h/ J º, satisfying the required conditions. When G D F or T , the commutator subgroup OEH I ; H I coincides with the subgroup consisting of elements which restrict to the identity on some neighborhoods of two boundary points of I , according to Re- For " > 0, we say that a subset U of OE0; 1 is of size less than " if U is in the union of finitely many standard dyadic intervals whose sum of lengths is less than ". Lemma 3.2 (cf. [3] ). For every " > 0, V and T are generated by elements with supports of size less than ".
Proof. The proof for V is in [3, Proposition 3.2]. We show the lemma for T .
We take three affine copies of OE0; 1: U 1 D OE0; 1 2 , U 2 D OE 1 4 ; 3 4 and U 3 D OE 1 2 ; 1. For every i D 1; 2; 3, F i D ¹f 2 F j supp.f / U i º is isomorphic to F , and F is generated by F 1 , F 2 and F 3 (cf. Figures 1 and 2) .
We let U 4 D OE 3 4 ; 1 [ OE1; 1 4 , which is an affine copy of OE0; 1 in
, and T is generated by T 1 , T 2 , T 3 and T 4 (cf. Figures 1, 2 and 3 ). By the above observations, we may represent every element of T as a composition of elements in S i D1;2;3;4 T i . We may represent every element of T i as a composition of elements in the copy of S i D1;2;3 F i in T i Š F . Repeating this process, we may represent g as a composition of elements with size less than ". Proof. Let G be either T or V . Let k 2 N. We assume that G is acting semisimply on a k-dimensional complete CAT(0) space X. According to Lemma 3.2, we take a finite generating set S of G, consisting of elements with supports of size less than 1 kC1 . We fix a sequence of standard dyadic intervals ¹I i º 0Äi ÄkC1 , where I kC1 D OE0; 1 and I i Int.I i C1 / for every 0 Ä i Ä k:
For every s 2 S, there is a dyadic rational x 2 OE0; 1 supp.s/. We apply Lemma 3.1 (1) to the interior of I 0 and a proper compact subset in OE0; 1 ¹xº including supp.s/ and take g 0 2 G such that supp.s g 0 / D g 0 .supp.s// Int.I 0 /.
For every 1 Ä i Ä k, we let H i be the commutator subgroup of
which is isomorphic to either OEF; F or V . Since both OEF; F and V are simple, We fix mutually disjoint non-empty open subsets J 1 ; : : : ; J kC1 of OE0; 1. For every subset S kC1 S of .k C 1/ elements, there is a dyadic rational which is not included in supp.S kC1 /. By Lemma 3.1 (1) , there are f 1 ; : : : ; f kC1 2 G such that f i .supp.S kC1 // J i for each i . We get mutually commuting subsets S 
have a common fixed point for some i. It follows that S kC1 has a common fixed point. Applying Theorem 2.4 again to S, each k C 1 subset of which has a fixed point in X, it follows that elements in S have a common fixed point x. Since S is a generating set of G, x is a global fixed point for the action of G on X.
Generalizations of V
We may also confirm that various generalizations of V have property FA k . For each q; n 2 N, where q 2, we consider products of n standard q-adic intervals contained in OE0; 1 n , instead of standard dyadic intervals in OE0; 1, and define the Brin-Higman-Thompson groups nV q (cf. [3, 4, 11] ). When n D 1 and q D 2, 1V 2 coincides with V . The proof of Lemma 3.2 for V (see [3] ) also applies for nV q , and we may generate nV q with elements with supports of arbitrary small size. Let I be the product of n standard q-adic intervals. Lemma 3.1 holds true for G D nV q and I . If we define a subgroup H I similarly as in Remark 3.1, we may observe that H I is isomorphic to nV q , which is virtually simple. These observations enable us to carry on similar arguments to the proof of Corollary 3.3, and we get the following.
Corollary 3.4. For every q; n 2 N (q 2), nV q has property FA k for every k 2 N.
Other generalizations of V are the Nekrashevych-Röver groups V q .G/ (see [9, 15, 16] ). We fix q 2 N and let A q be an alphabet A q D ¹0; 1; : : : ; q 1º. We denote A N q by C q , which is identified with the set of all infinite words in A q . For a finite word u in A q , let I.u/ be a subset of C q , consisting of every infinite word which has u as a prefix. A division of C q is a set of finite words ¹u i º 1Äi Äm such that ¹I.u i /º 1Äi Äm are mutually disjoint and cover C q .
Let G be a group. A faithful action of G on C q is self-similar if, for every g 2 G and x 2 A q , there exist g 0 2 G and x 0 2 A q such that g.xw/ D x 0 g 0 .w/ for all w 2 C q (see [15] ). Inductively, it follows that, for every n 2 N, g 2 G and u 2 A n q , there exist g 0 2 G and u 0 2 A n q such that g.uw/ D u 0 g 0 .w/ for all w 2 C q . Let G be a group with a self-similar action on C q . Let m 2 N. Given a pair of divisions D D ¹u i º 1Äi Äm , D 0 D ¹u 0 i º 1Äi Äm , and a subset ¹g i º 1Äi Äm of G, define a bijection g D g.D; D 0 ; ¹g i º 1Äi Äm / between C q and itself by g.u i w/ D u 0 i g i .w/ for every i and every infinite word w. The group V q .G/ consists of all bijections of the form g.D; D 0 ; ¹g i º 1Äi Äm / for m 2 N, D D ¹u i º 1Äi Äm , D 0 D ¹u 0 i º 1Äi Äm and ¹g i º 1Äi Äm .
For every finite word u in A q , we may identify I.u/ with a q-adic interval in OE0; 1. By means of this identification, we may evaluate the size of I.u/ as the corresponding q-adic interval. We may also identify the subgroup V q .¹1º/ of V q .G/ with the Higman-Thompson group V q .
The proof of the next lemma is similar to [3, Proposition 3.2].
Lemma 3.5. Let q 2 N, and let G be a group with a self-similar action on C q . For every " > 0, every element v of V q .G/ can be written as a composition of elements whose supports are of size less than ".
Proof. We fix " > 0. Let v be a nontrivial element of V q .G/. We take finite words u 1 , u 2 and g 2 G such that v.u 1 w/ D u 2 g.w/ for every w 2 C q . Since the action of G on C q is self-similar, we may assume that I.u 1 / and I.u 2 / are disjoint and of size less than " 2 . Let v 1 be an element of V q .G/ such that v 1 .w/ D v.w/ when w 2 I.u 1 /, v 1 .w/ D v 1 .w/ when w 2 I.u 2 / and v 1 .w/ D w otherwise. The support of v 1 is I.u 1 / [ I.u 2 /, which is of size less than ".
We can take some v 2 2 V q .G/ which maps supp.v/ I.u 1 / into I.u 1 /. Moreover, such a v 2 can be written as a composition of elements whose supports are of size less than ". Since supp.v 1 1 v/ is included in supp.v/ I.u 1 /, the support of the conjugate of v 1 1 v by v 2 is of size less than " 2 . It follows that v is a composition of elements of V q .G/ whose supports are of size less than ". Corollary 3.6. Let q 2 N, and let G be a group with a self-similar action on C q . If V q .G/ is finitely generated and virtually simple, then V q .G/ has property FA k for semi-simple actions for every k 2 N.
Proof. Let k 2 N. We assume that V q .G/ is acting semi-simply on a complete metric CAT(0) space X of dimension k. According to Lemma 3.5, we take a finite generating set S of V q .G/, consisting of elements with supports of size less than 1 kC1 . We fix a set ¹u i º 0Äi ÄkC1 of finite words in A q , where u i is a sequence of 0 of length .k C 1/ i . We fix an element s 2 S . We take g 0 2 V q .G/ which maps supp.s/ into I.u 0 /. We apply Theorem 1.1 to the conjugate of s by g 0 .
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For every 1 Ä i Ä k, we define H k by H k D ¹h 2 V q .G/ j supp.h/ I.u k /º. For every I.u/, there is the canonical bijection from I.u/ to C q defined by forgetting the prefix u, and there is the corresponding canonical isomorphism between H k and V q .G/. It follows that H k is virtually simple. Therefore, this ¹H i º 1Äi Äk satisfies condition (i) in Theorem 1.1.
For every 0 Ä i Ä k, let N u i be the finite word gained by replacing the letter 0 at the end of u i by 1. I. N u i / is included in I.u i C1 / and is disjoint from I.u i /. If we take g i 2 H i C1 such that g i .I.u i // I. N u i /, then ¹H i º 1Äi Äk and ¹g i º 1ÄiÄk satisfy condition (ii) in Theorem 1.1. By Theorem 1.1, s g 0 is elliptic. It follows that every s 2 S is elliptic.
We note that ¹ N I i º 0ÄiÄk are .k C 1/ mutually disjoint non-empty subsets of C q . For every subset S k S of .k C 1/ elements, there are f 1 ; : : : ; f kC1 2 V q .G/ such that f i .supp.S k // N I i . According to Theorem 2.4 to mutually commuting conjugates ¹S f i k º 1Äi ÄkC1 , elements in S k have a common fixed point. Applying Theorem 2.4 again to S, elements in S have a common fixed point, and thus there is a global fixed point for the action of V q .G/ on X .
Let q be a natural number, and let G be a subgroup of the symmetric group S q . We consider the action of G on A q by permutations on the q letters, and we define an action of G on C q by ..a i / i 2N / D . .a i // i 2N for 2 G and .a i / i 2N 2 C q . Since this action is self-similar, we can define the Nekrashevych-Röver group V q .G/. In this case, V q .G/ is finitely generated and virtually simple [9] and thus admits property FA k for semi-simple actions for every k 2 N. Moreover, this group V q .G/ is known to have a proper isometric action on a CAT(0) cube complex [12] . Therefore, V q .G/ is an example of groups which have property FW k for every k 2 N but not property FW.
